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1 Introduction

It is difficult to overstate the importance of the role that maximally superconformal field
theories have played in deepening our understanding of string and field theories, and the
relations between them. To date the vast majority of work has focused on four-dimensional
gauge theories describing the worldvolume of D3-branes, but much progress has recently
been made on three-dimensional theories describing the worldvolume of M2-branes. This
progress has been made possible by the discovery [1] (see also [2]) of highly supersymmetric
conformal theories in three dimensions, extending earlier attempts [3] with superconformal
Chern-Simons theories.



This paper is concerned with the conformal N' = 6 supersymmetric Chern-Simons
matter theory constructed by ABJM [4] (see also [5], and [6] for related earlier work). The
ABJM theory is a three-dimensional U(NN) x U(N) gauge theory with four complex scalars
and their fermionic partners in the bi-fundamental representation and gauge fields with
Chern-Simons levels +k and —k. The theory has a ’t Hooft limit in which N,k — oo with
A = N/k fixed, similar to the story in ' = 4 Yang-Mills theory (SYM).

Indeed the strong similarity to SYM has allowed many tools, such as the language of
spin chains and methods from integrability (such as [7-10]) which have been so successful
in exploring the structure of planar SYM, to be applied to the ABJM theory as well. In
particular the anomalous dimensions of local operators in the theory are apparently en-
coded in an integrable spin chain Hamiltonian (see [11-18] for related recent work), and
an exact magnon S-matrix for this spin chain has been proposed in [19] (see also [20]).
In several respects however the story of integrability in the ABJM theory is slightly more
complicated than that in SYM, one of which (see also [21]) is the fact that anomalous
dimensions first show up at two loops. The full two-loop dilatation operator, which has re-
cently been constructed in [22, 23], has both nearest-neighbor and next-to-nearest neighbor
interactions, making it necessarily more complicated than the nearest-neighbor one-loop
dilatation operator [24] of SYM.

There is a very beautiful and useful analogy [25] between the counting of local gauge-
invariant operators in gauge theories such as SYM and linguistics. The elementary fields
(and their derivatives) are thought of as ‘letters’ which are strung together inside single
trace operators as ‘words’, products of which can then be thought of as ‘sentences’. Since
the ABJM elementary fields transform in either the (N, N) or the (N, N) bi-fundamental
representations they must appear in alternating order inside any single-trace operator.
If we wish to extend the linguistic analogy to this case we could perhaps say that the
ABJM alphabet is divided into consonants and vowels, comprising the respectively the two
OSp(6]4) singleton representations (which are conjugate to each other). Every word in the
ABJM language has even length and consists of alternating vowels and consonants.

One of the purposes of this paper is to lay some groundwork for detailed spectroscopic
analysis of the ABJM theory through two loops using the results of [22, 23]. To this end
we first review in section 2 the oscillator construction for OSp(6|4). Then in section 3 we
enumerate all syllables of up to four letters (i.e. all irreducible representations of OSp(6|4)
built from up to four generations of superoscillators) and also calculate their characters
(these may also be found in the exhaustive reference [26]).

In section 4 we present all tensor product decompositions for products of up to four
singletons. These tensor product results are useful for analysis of the two-loop dilatation
operator since its building block, the “Hamiltonian density” Do, is an operator which acts
simultaneously on three adjacent sites of the spin chain, alternately occupied by the two
singletons V! and V', Due to 0OSp(6[4) symmetry the Hamiltonian density can be written
in block-diagonal form with no mixing between irreducible representations of different
quantum numbers in the tensor product decomposition of V! ® y! ® V. For the four-
site tensor products we also calculate the irreducible representations in the tensor product
decomposition of (V! ® VI)Q which are symmetric under interchange of the two V! ®



Vl factors. This representation content corresponds to the physical spectrum of gauge
invariant operators of length four in the ABJM theory — i.e. they are the four-letter
words in the ABJM language. For completeness we include section 5 in which all of the
abovementioned results are tabulated for the OSp(4|2) subsector.

We defer more detailed spectroscopy for later work, only mentioning it here as one
motivation for this work. However in section 6 we present a concrete result which follows
rather easily from the explicit form of the two-loop dilatation operator and the information
presented in this paper: a calculation of the two-loop correction to the Hagedorn temper-
ature Ty of the planar ABJM theory on S2, with the result d log Tl = 2A?(v/2 — 1). Our
results might also be useful for studying higher spin symmetry in the free ABJM theory,
following for example [27, 28].

2 Oscillator construction for OSp(6|4)

In this section we review the oscillator construction for the OSp(6|4) supergroup due to
Gunaydin and Hyun [29], together with the particular notations which are convenient for
our purposes.! We begin with the bosonic Sp(4,R) and SO(6) subgroups before building
up to the full OSp(6[4).

2.1 Sp(4,R) ~ SO(3,2)

The Sp(4,R) ~ SO(3,2) generators can be expressed in terms of a set of f = 2p+e€ (e =0, 1)

“generations” of bosonic annihilation operators a;(r),b;(r),c;, (i = 1,2,7 = 1,2,...,p)
T

and their hermitian conjugate creation operators a’(r) = a;f(r),bi(r) = b;r(r),ci = ¢,
transforming respectively covariantly and contravariantly under U(2). The number of a
and b oscillators p can be any integer greater or equal to zero, whereas we only have
either zero or one c oscillators, according to the value of €. The oscillators obey the usual

commutation commutation relations, the only nonvanishing ones being
[ai(r),a (s)] = 86,5, [bi(r), 00 (s)] = 616,  [c1,d] =07 (2.1)

The Sp(4,R) generators are then given as

PI=g .5+ b +ecd =,
Kij =d; - gj + (ij . gz + € ¢icj = (P]Z)T , (22)
IijZdyi-c_ij—i-gj-gi—i-%(cicj‘—i-cj‘ci) :(Iji)T,

where we have adopted the vector notation @; = (a;(1),a;(2),...,a;(p)) implying @ - gj =

> P a;i(r)bj(r) and so on. The association of P¥ with the Young tableau (YT) [T is
included here for convenience and will be explained shortly.

! An alternative approach, using the method of Kac, may be found in [30].



In this particular basis the Sp(4,R) algebra is
|:Kija Pkl = (Sélkz + (Slkflj + (ﬁflz + (ngk] ,
115, PH] = b P 6 P
C . 4 (2.3)
(1), Ku] = =080 — 61K,
|15, 1) = 8k - g1,

and we can immediately recognize the I’; as generators of the maximal compact subgroup
U(2) C Sp(4,R). In terms of the bosonic number operators which we define as
Npg. :&’i-&’i+gi-gi+ecici (no sum on 1),

Z (2.4)
Np = Np, + Np,,

the diagonal entries of the U(2) generators may be rewritten as
1 1 2 1
Il:NBl+§f’ IQZNBQ+§f. (25)

The form of the commutators (2.3) is essentially the same as that of the three-
dimensional conformal group in the spinor basis (see for example [26]) with the identi-
fication of 11

A=l =5(Ng + f) (2.6)

as the dilatation operator? and L;- = IJZ: — 5;- A, PY_and K;; as the generators of rotations,
translations, and special conformal transformations respectively.

We are interested in representations of Sp(4, R) for which the spectrum of A is bounded
from below. Each such representation can be characterized by its lowest-weight state (LWS)
|2), a state within the multiplet that

1. is annihilated by all K;;, and
2. transforms irreducibly under the U(2) subgroup.

Of course the “vacuum” |0), defined as usual as the state which is annihilated by all
lowering operators a;(r), b;(r), ¢; is a suitable LWS, but not the only one. The first condition
implies that there exist additional lowest-weight states which can be expressed as linear
combinations of raising operators acting on |0). Since the raising operators transform in
the fundamental two-dimensional representation of U(2), the irreducible representations
arising from combinations of M raising operators are related to representations of the
permutation group Sjs, and the second condition implies that we simply have to symmetrize
and antisymmetrize the combinations of raising operators appropriately in order to get
a LWS.

2The observant reader may worry that A is a compact generator, and that in general we construct

states that have definite U(2) ~ SO(2) x SO(3) charges instead of SO(1,1) x SO(1,2) ones. However it
has been proven in [31] that there exists a rotation which maps the eigenstates of one subgroup to those of

the other while preserving their eigenvalues, similarly to what happens for the four-dimensional conformal
group which had been proven earlier in [32].



In this manner the U(2) YT description of a LWS arises naturally in conjunction with
the actual symmetrization and antisymmetrization of raising operators, and only differs
from the proper SU(2) YT in that we do not need to discard two-box columns, as they
provide information for the U(1) charge which corresponds to the scaling dimension A. If
(my,m2) denote the number of boxes in the (first,second) rows of a U(2) YT, then the
scaling dimension A and the SU(2) spin j of the corresponding LWS are given by

‘ 1 1
(A,)) = <§(m1 +ma+ ), 5(m1 — m2)> : (2.7)
As an example, it can be shown that for f = 2 the only inequivalent Sp(4,R) lowest-weight
states are of the form
S k ok
ai1ai2,..aik|0>:[|:|...m (A’j):<1+§,§> k=0,1,2,...,
(a't) — a’b")]0) =H (A7) = (2,0),

where we have also indicated the corresponding Young tableaux and the Cartan charges
(A, 7) of the LWS.

Given the LWS |Q) of any representation, a basis R for the entire representation is
generated by acting on it with the various P,

R ={|), PY|Q), P"™PY|Q),...}. (2.9)

There is no restriction on how many times we can act with P%, hence we produce an an
infinite-dimensional representation (a manifestation of the noncompact nature of Sp(4,R)).
If we are interested in the U(2) content of each of the basis vectors, this can be determined
by considering symmetric tensor products of P¥, due to the fact that the P¥ commute
with each other. Using the identification of P¥ with the YT (17 as indicated above in (2.2)
we have for example

P9 =, (pij)a_:B}_Hj:Dj, (Pij)i’_:EE':D—i-D:E\:\:D, etc, (2.10)

where the subscript + indicates that only the totally symmetric representations in the
tensor product decomposition contribute. In this manner one can obtain the full U(2)
content of the multiplet by tensoring arbitrarily high symmetric powers of (177 with the YT
of the LWS, following the usual decomposition rules.

2.2 SO(6) ~ SU(4)

The oscillator construction we will be describing here is a particular realization for n = 3
of the general method for SO(2n) groups, however since the fundamental fields of the
ABJM theory transform in the complex 4 and 4 representations rather than the real 6
representation, the language of the locally isomorphic SU(4) will be more suitable for
the presentation.

This time the building blocks for the generators will be fermionic oscillators. We
again have f = 2p + €, (e = 0,1) annihilation operators (), B,(7), V., (0 =1,2,3, r =



1,2,...,p) and their hermitian conjugate creation operators a#(r) = OéL(T’), B (r) = B}:(T),

Y = 72: transforming in the conjugate fundamental and fundamental of U(3) respectively.

The only nonvanishing anticommutation relations are

{ou(r),@”(s)} = 6u0rs,  {Bu(r), 87(s)} = 056rs, {37} =3p1- (2.11)
With respect to these oscillators the SU(4) generators are given by
AW =Gt B — @ G+ e Y =H,
A = Gy By — G- By + € vuw = (AT (2.12)
Uty = a" -, —f, - '+ % (Vw =) = O,

from which the corresponding algebra in this particular basis follows:

(A, A7) = =650, + 80U, — 85U, + 65U°,
[U",, AP7] = 6P AM 1 §9 AP 213)
[U"), Ape) = 01 Apy — 01 A,y '

]

[U*,,UPs) = 80U" — SEUP, .

It is evident evident from the last line that the U¥, are generators of a U(3) subgroup.
The relations (2.13) are the so-called split form of the commutation relations because
one U(3) is singled out. They can be recast into the standard SU(4) form by defining

1 1
Rt, =U", — 555UA>\7 Rty = +§ EHPUAPO = AMV - EMVPRP47

YRR ) 4 1 4 (2.14)
R4=§U A Ruz_ieupaApg = AW =€"PR%,,
which as a consequence of (2.13) obey
[R%g,R7s] = 5%]%0‘5 — 0§ R, where here o, 3,7,06 = 1,...,4, (2.15)

with R, = 0, (R?,)T = R%j as required for SU(4).
For future use we mention here the forms of the diagonal U and R generators in terms
of the fermionic number operators

NFH:&“'&M"‘EH'EM"‘G'Y“W (no sum on p),

(2.16)
Np = Np, + Np, + Np,
which are )
UMH:NFu_gf (no sum on p),
R“p:NF#—NF+if (no sum on ), (2.17)
R'y = Np — %f.

As the oscillator method for the construction of representations is very general and

applies to a variety of groups and supergroups, see for example [29, 33], the essential



features of the SU(4) case are similar to what we saw for the Sp(4, R) representations in the
previous section. In a nutshell, after we define the “vacuum” |0) as the state annihilated
by all lowering operators o, (r), 8,(r),vu, we look for lowest-weight states |2) that are
annihilated by A,, and transform irreducibly under U(3). These are expressed in terms
of properly symmetrized and antisymmetrized creation operators, described naturally in
terms of U(3) Young tableaux, whose only difference from the proper SU(3) Young tableaux
is that we no longer discard three-box columns.

Then by acting repeatedly on a LWS with various A*” we build a basis for an irreducible
representation of SU(4), and the U(3) content of each of the representation may be found

by tensoring the symmetric powers of A",

A =, (Am)2 = HH, (A3 = H-H, (2.18)

and so on, with the YT of the LWS.

The only major difference compared to the Sp(4,R) case is that since we have 3f
fermionic oscillators, (A*)* = 0 for k > % f and hence the representations will now be
finite-dimensional, reflecting the compactness of SU(4). Therefore each representation has
a highest-weight state (HWS) which is annihilated by all A*”| transforms irreducibly under
U(3), and is related to the LWS by unitarity. We will make use of this relation, as the
labels of a representation are related to the weights of its HWS. In particular, we will use
SU(4) Dynkin labels to characterize representations,® and as we’ll see later on these are
related to the labels (I, l2,l3) denoting the number of boxes in the first, second and third
rows of the U(3) LWS YT by

[dy,do,ds) = [f — 1y — lo, 1o — 13,1y — 1] (2.19)

We should mention that in the literature another labeling convention is also widely used
(for example in [26, 34]) which is based on eigenvalues under rotations in three orthogonal
planes in R® (hence more suited to the SO(6) description of the algebra), known as SO(6)
Gelfand-Zetlin labels (r1,7r2,73) . A basic property they obey is that r; > r9 > |r3|, and in
our conventions they are related to the SU(4) Dynkin labels by

1 1 1
(7’1,7“2,7‘3) = <d2 + §(d3 + dl), 5((13 + dl), §(d3 — d1)> . (220)

We illustrate the basic steps of the procedure described above with an example. For f =1

the only possible lowest-weight states and Young tableaux are*

11 1
0) =1 [d1, d2, d3] = [1,0,0] (r1,72,73) = (5, 57—§> ;
o (2.21)
7M|0> =0 [d15d2yd3] = [0,05 1] (7"1,7'2,7"3) = <§a 5, 5) ’

where we have also indicated both the Dynkin and Gelfand-Zetlin labels of the correspond-
ing representations.

3SU(4) and SO(6) have the same Dynkin diagram with just the ordering of the first two roots switched,
which translates into the relation [d1, d2, dg]SU(4) = [d2, dx, dg]so(ﬁ) for their Dynkin labels.
4We use “1” to denote the singlet of the U(3) subgroup, not the singlet of the full group.



2.3 0OSp(6/4) and super-Young tableaux

For the full OSp(6|4) superalgebra one needs to combine the Sp(4,R) and SO(6) oscillators
described in the previous sections into U(2|3) contravariant and covariant superoscillators

") = a;(r) Al) = 40 = a'(r) _
Al (am)) L =0 (MTJ 2,
nalr) = (b’“)> S =) = ( ) =

b m) o, (2.22)
cA:<C">, cAchT=<Ci>:m,
m 0

B (r)
where the super-index A takes the values 1,2]1,2,3 and » = 1,...,p. The nonvanishing

as follows:

super-commutation relations are

[SA(T)a SB(S)} - 51]257’8 ) [UA(V”)a 773(3)} - 51]257’8 ) [CA7 CB} - 51]2 ) (223)

where the super-commutators are defined as

[€a(r), €5 (5)} = €a(r)€P (s) — (~1)\ 4B VA BIEB ()¢ (1), (2.24)

etc., with deg A =0 (deg A = 1) if A is a bosonic (fermionic) index.

The OSp(6]4) generators can then be realized as bilinears of these superoscillators:
SAB =g P it €8 e (ACP — 1,
Sap = &x- i +1ia €8 + € Calp = (S8BT,
MAg =7 &g+ (—1)des A)dea By oA

% <CACB + (—1)(degA)(degB)CBCA) = (MPQ)".

(2.25)
_|_

Of course by restricting to purely bosonic or fermionic indices we recover the generators of
the bosonic subgroups

(Mij = Iij,Sij = Kij,Sij = PU) < Sp(4,R),

S (2.26)
(MF, = UM, Sy = Ay, S = A7) SO(6).

Whenever the indices take specific integer values we will use the notation of the previous
sections for these bosonic generators.

The odd generators have one bosonic and one fermionic index, and we will use the
relation (M4 B)" = MP 4 to always display the bosonic index to the left and the fermionic
index to the right. The anticommutators among the odd generators are explicitly given by

(S, Sy = 8417, = 51U" {Sip, M7,y = =87 A, ,

) v v T LTV v v (227)
{M/“M] }:5NIJ+5JU ) {Sz;uM] }ZéuKlja



together with others obtained by hermitian conjugation. Finally, the commutators between
even and odd oscillators are

|1 M) = 5 [Ur,, M4 = b,
(15, M) = —%M v (U, M| = S
[I R Sku] ]u ) [Uﬂm SkA] = _6KSIW ) 598
. S’W] = ok, U, 58] = s, =
| Kij, ME | = 6585+ 05 i | Ay M| = =838+ 6 Sy
Ky, ™| = SEM 4 F M Ay S“ — —5\M*, + ) M*,

where we have again omitted commutators which can be obtained from these by hermitian
conjugation. From the above relations we can easily determine the dilatation charges of
the odd generators,

A J]=C(J)J, (2.29)

where C(J) = & for J = M*,, S* and C(J) = —% for My, Sk,, indicating that these
correspond respectively to the 6 supersymmetry and 6 superconformal generators.

The procedure for the construction of OSp(6]4) representations is a refinement of what
we saw for the bosonic sectors. We define the vacuum |0) of the Fock space of states to be
the state which is annihilated by the covariant oscillators £4(r),n4(r), 4, and then consider
lowest-weight states which are annihilated by Sap and transform irreducibly under U(2|3).
A non-exhaustive list of states that satisfy the first condition is given by [35]

(ARl ()R - [ECIF [P (r + )P+ [P ()] |0) (2.30)

and
(X () = (r)EP () [0) (2.31)
where r = 1,2,...,p, ko = 0,1 and the other k; are nonnegative integers. As we’ll see in

the next section, there exist a few more possibilities for states that can be annihilated by
Sap, but these two types capture the great majority of possible lowest-weight states.

The new elements when we look at supergroups come from the condition of irreducibil-
ity, and from the fact that we are promoting the oscillators to superoscillators. In particular,
in order for linear combinations of superoscillators to transform irreducibly under U(2|3),
it is necessary to demand that if the superindices are symmetrized for bosonic values, they
have to be antisymmetrized for fermionic values, and vice versa. This can be seen heuris-
tically by convincing oneself that £4¢8 transforms irreducibly, but when both indices are
bosonic (fermionic) it is automatically (anti-) symmetrized.

Thus we define graded symmetrization or “supersymmetrization”

é(AT]B) = gAnB + 77A£B — gAnB + (_1)(deg A)(degB)é-BnA’ (232)
and graded antisymmetrization or “superantisymmetrization”

£A B] — 5 77A£B — gAnB _ (_1)(degA)(degB)£BnA’ (233)
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Figure 1. The OSp(6|4) Dynkin diagram.

with the obvious extensions of these definitions to products of more than two super-
oscillators. Products of superoscillators with all their indices either supersymmetrized
and /or superantisymmetrized will form irreducible representations of U(2|3) [36], and these
can categorized in terms of super-Young tableaux (SYT) in the same manner that sym-
metrizations and/or antisymmetrizations of U(NV) oscillators are categorized by ordinary
Young tableaux.

There exists a rich literature on super-Young tableaux [36-41] and their applications
(see for example [29, 32, 33, 35, 42]), so here we’ll just mention a few intuitive examples.
To any contravariant superoscillator, namely the ones of the second row of (2.22), there
corresponds single (slashed) SYT [A. For the two graded symmetrized (2.32) and anti-
symmetrized (2.33) oscillators we have the SYT 17 and E respectively. Consequently &
oscillators of the same kind €41 - - £4% will be described by a SYT with a single row of k
boxes, /- -4, and for mixed products we first supersymmetrize all superoscillators cor-
responding to each row, and then superantisymmetrize with respect to the columns. All
of these properties are analogous to ordinary Young tableaux, however a major difference
is unlike ordinary Young tableaux a SY'T can have any number or rows as a consequence
of the fact that graded antisymmetrization corresponds to symmetrization of fermionic
indices, and hence can be carried out indefinitely.

Returning to our discussion of OSp(6]|4) representations, the lesson is that we can
obtain all states of a multiplet by tensoring the SYT of its LWS with arbitrary super-
symmetrized powers of S48 = 4. The SYT for the latter just follows by comparing its
oscillator form in (2.25) with (2.32). Since each U(2|3) representation decomposes into a
set of “component” representations of the bosonic subgroup U(2) x U(3), one way to pro-
ceed with the tensoring is to first perform the decomposition and then tensor the ordinary
Young tableaux according to the usual rules.

We defer the details of the decomposition of U(2|3) states to the appendix and we pro-
vide information about the tensoring procedure in section 3.2. Furthermore, in section 3.1
we will give the explicit relation between the SYT labeling of supermultiplets and other
widely used conventions.

2.4 Serre-Chevalley basis

In this section we study the structure of the OSp(6]|4) algebra and determine the Cartan
charges of each state in the oscillator construction. As a useful application we also provide

,10,



the representation labels for each class of solutions of the ABJM theory’s two-loop Bethe
ansatz [11], a result also presented in [23] in a slightly different manner.

The OSp(6[4) Dynkin diagram in the distinguished basis is shown in figure 1, from
which the Cartan matrix®

2 |1
-1 [+1
K = —1]+2 -1 -1 (2.34)
—1 42
-1 42

follows. It is evident both from the Dynkin diagram and the Cartan matrix that the
roots as, ay, a5 belong to the SO(6) C OSp(6]4) subgroup while a; corresponds to the
SU(2) C Sp(4,R) C OSp(6]4) subgroup.

We would like to express the OSp(6]|4) superalgebra in a Serre-Chevalley basis (see for
example [43]), which is defined by the relations

[H;, Hj] =0,
|Hi, B | = K, B
[Ej,Ej—} = Hidy;, (2.35)
{E;f,E;} =0 if Kij =0,

(adEii)l_laij E]:t =0,

where K;; are the matrix elements of the Cartan matrix /C, K= (IQJ) is deduced from K

by replacing all its positive off-diagonal entries by —1, and the last line means (1 — ;)
times the adjoint action of EZi on Eji, which in turn is defined as

(ady)y = [v,y} . (ade)’y =[2,[z,y}},  etc. (2.36)

The type of the Dynkin diagram also requires supplementary conditions to be imposed

around the fermionic root s [43],
(adEQi)(adESi)(adEQi)Efc = (adE;)(adEli)(adE;)EgE =0. (2.37)
Starting from (2.3), (2.13), (2.27) and (2.28), the second and third relations of (2.35)

together with the Cartan matrix information (2.34) are essentially sufficient for determining
H; and Ef, and then the remaining relations of (2.35) and (2.37) can be readily verified.

®We use the standard convention where the nonzero diagonal elements are always equal to 2. In many
cases where the Cartan matrix appears in relation to the Bethe ansatz, an alternative convention is also used
where the rows corresponding to the fermionic and conformal Cartan generators have their signs flipped,
see for example [8, 11]. This is permissible due to the invariance of the Bethe ansatz under this inversion.
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In this way we find that the Cartan charges are given by

Hy=1*—1'y = Ng, — Ng, ,

Hy=1'1+U’s = Np, + Np, ,

H3 =U3%3 —U% = Np, — Np,, (2.38)
Hy=U% ~U'Y = Np, — N, ,

H; =U%+U'y = Np, + Np, — [,

whereas the corresponding raising/lowering operators are

Ef =17, E; =1,
Ef = M'3, Ey = M,*,
Ef =U%, Ey =U?%;, (2.39)
Ef =U%, E; =U',
Ef = A Ef = Ap,

and we see that by construction (E; = E; . As an independent check on this result
we considered the Chevalley bases of Sp(4,R) and SU(4) separately and obtained the
fermionic Cartan charge from them according to [44], finding agreement with the above
straightforward calculation.

Once we have the Serre-Chevalley basis it is easy to establish the relation between
the weight of any given state and its excitation numbers (i.e., the numbers of each type
of raising operators needed to reach it from a LWS). In particular, given that the LWS
annihilated by all E; is

L
9) = (|0) ®~'0)) ", (2.40)
then an arbitrary state
(B) e (B (B (ED) (B |9) (2.41)

(the choice of notation for the K’s here anticipates the connection with that of [11]) will
have number operator eigenvalues

Np, =K, — K, , Hy = 2K, — K.,

Ng, = K, Hy =K, — Ky,

Np, =L+ K, — K, Hsy =2K, — K, — K, — K, (2.42)
Np, = Ky + K, — K, , Hy=2K,— K, — L,

Np, = K, — K, , Hs =2K,— K, — L.

The right-hand sides of the above relations give us the weights of a state with excita-
tion numbers { Ky, K, K, K, K, }. In particular Hy is twice the SU(2) C Sp(4,R) spin
and [Hy, Hs, Hs] are the SU(4) weights in the Dynkin basis. Furthermore if we assume
their values refer to the the LWS of a certain OSp(6/4) supermultiplet, then by unitarity
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the labels of the corresponding HWS will simply be® j = —H;/2 = (N, — Ng,)/2 and
[dl, ds, dg] = [—H5, —Hs, —H4] = [f — Np, — Ng,, Ng, — Npy,, Np, — NFQ]. Together with
the scaling dimension (2.6) and the number of generations f, these comprise the Dynkin
labels of the supermultiplet in question, and we have shown that they are related to the
excitation numbers of the LWS as

1 1
A=L+-K = -K,— K =2L
+2 5 J ofts w s f ) (2.43)

di =L+ K, —2K,, do=K,+Ky,—2K,+K,, d3y=L+K,—2K,,

in exact agreement with [23]. Since the excitation numbers K are the same quantities that
appear in the theory’s Bethe ansatz [11] (denoting the number of Bethe roots of each type
which appear in a solution of the Bethe equations) this formula is useful in identifying

which symmetry multiplet any particular solution belongs to.

3 Representations and their partition functions

3.1 Notational conventions

We have seen that each OSp(6]4) supermultiplet can be characterized by the number f of
generations of superoscillators used in realizing the generators, see (2.25), and the SYT of
its LWS. We will use V/ to denote the representation with f generations whose LWS is
|0). For a more general OSp(6]4) supermultiplet whose LWS transforms in a non-trivial
representation of U(2]3) we indicate the SYT of that U(2|3) representation as a subscript
on V/. Thus the representation with f = 2 and LWS &4 - - £5)0) = 12- - - A will be denoted
V%ZMIZ’ and so on.

The information provided graphically by the SYT can equally well be encoded in labels
(k1, ko, ...) which indicate the number of boxes in the (first, second, ...) row of the tableau.
Note that since the number of rows is not fixed, as we saw in section 2.3, the number of
labels will also vary for a given f. For example we can have Véz = ng ) v = Viﬁ: 9, cte.

More conventionally, a multiplet may alternatively be described by the eigenvalues of
some set of states within the multiplet under the action of the generators of the Cartan
subalgebra. The simplest choice is to use the labels of the bosonic subgroup Sp(4,R)xSO(6)
we saw earlier, namely the scaling dimension A, the spin in a particular axis in SO(3) C
S0(3,2), denoted by j, and the SU(4) Dynkin labels [dy,ds,ds]. As far as choosing a
particular state whose charges will be used to label the entire multiplet, we pick a primary
state, defined as a state annihilated by the superconformal generators, or alternatively as a
state with the lowest scaling dimension in the multiplet. In order to have positive labels we
also demand that the state is of highest-weight type with respect to both SO(3) € SO(3,2)
and SU(4). However as we saw in section 2.4 all the information can be obtained by the
appropriate LWS by unitarity.

SThese expressions of the representation labels in terms of number operators also make contact with
and explain (2.7) and (2.19). The value of j is determined by the state whose U(2) YT has only oscillators
with index 1 on the first row and only oscillators with index 2 on the second row. An analogous statement
holds for the SU(4) labels.
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So the translation between the SYT labeling and the Cartan labeling of OSp(6]4) su-
permultiplets simply consists of finding the Sp(4,R) x SO(6) submultiplet with the smallest
number of U(2) C Sp(4,R) boxes in the respective decomposition (see the appendix) and
calculating its Cartan labels with the help of (2.7) and (2.19). We mention them here
combined for convenience:

. 1 1
(A, jidy,da,ds] = §(m1+m2+f),§(m1—m2);f—l1—l2,l2—l3,l1—12 . (30

We will use V(f Aj)[d1 o ds] to denote the representation with the given labels. We will also
use a bar to denote the ‘conjugate’ of a representation, which is obtained by exchanging
two of the SU(4) labels: V{AJ)[dhd%dﬂ = V(fA,j)[dg,dg,dl}'

The procedure of finding the Sp(4,R) x SO(6) submultiplet with the lowest scaling
dimension that we described above can in fact be performed for an arbitrary SYT, thus
yielding a general formula to relate the Cartan labels of supermultiplet and its SYT labels

(k1,ka,...,ky). The result is that, for &k, < ... < ks <3,

f _vf
Vkl,kg,...,kn - V(A,J’)[dhdzd?)] 32
with 1
A= 3 (max(k; — 3,0) + max(ks — 3,0) + f) ,
1
j= 5(max(k‘l —3,0) —max(k2 — 3,0)),
dl = f — Zmln(km 2) 3
2 (3.3)

dy = Z Ok, 25
=1

ds = Z Oky1 -
=1

For more information about the relation between SYT and Dynkin labels see [39].
Finally we will also make use of characters for OSp(6|4) representations. We define
the characters to weigh states according to the Cartan charges (3.1), specifically

do

XV(xa y,u, T, U) = TrV [xijudlr Ud?)] ) (34)

given by the trace over all states of a particular OSp(6]|4) representation V. Explicit
formulas for all OSp(6]4) characters may be found in [26], so in order to save space we will
for the most part only display explicit formulas for the ‘partition functions’

V(z) = Try[z?] = xv(z,1,1,1,1) (3.5)

which count the number of states within the multiplet V for each value of the classical
scaling dimension A.
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3.2 Calculating characters: an example

In this section we demonstrate by a a particular example the steps for calculating the
character of a general OSp(6[4) representation using the oscillator construction. At the
end of the day we will focus on the partition functions defined in (3.5), and show how the
general formulas reduce to those. The reader interested in the final answer may jump to
the next section, where the most relevant partition functions are summarized.

The basic computational strategy exploits the fact that an OSp(6]4) supermultiplet
decomposes into multiplets of the bosonic subgroup in order to express its character in
terms of a sum of Sp(4,R) x SO(6) characters. Due to the noncompactness of Sp(4,R)
we also reduce the calculation of its character to a sum of the characters of its maximal
compact subgroup U(2). For simplicity we initially sum over the U(2) multiplets that don’t
contain spacetime derivatives (generated by P%), and account for the missing states only
at the very end.

Finding the bosonic lowest-weight states is a two-step process. First, we decompose the
LWS of the supermultiplet according to the rules tabulated in the appendix. The occurring
states are annihilated by all of the Sap, so they certainly are lowest-weight states of the
Sp(4,R) x SU(4) bosonic subgroup as well, but there are additional Sp(4,R) x SU(4) lowest
weight states which are annihilated by all of the K;; and A, but not by all of the Syp.

We find the remaining Sp(4, R) x SU(4) lowest-weight states by acting on the supermul-
tiplet LWS with the odd generators S%*. Once we have obtained all the lowest-weight states
of the bosonic subgroup with this method we can then find the labels [A, s;dy, da, ds, f] of
their corresponding submultiplets with the help of (3.3).

As far as the action of the odd raising operators on the supermultiplet LWS is con-
cerned, we use the fact that the S transform in the (fundamental fundamental) of the
U(2) x U(3) subgroup of Sp(4,R) x SO(6), with corresponding YT ([J,[J). Also, since the
S generators anticommute with each other we can have nonvanishing products of no more
than six of them, and those products will transform in antisymmetrized powers of (0J,0).
We can thus write

S =(O,0) ,
(5")? = @H) + G
(s = (cod) + @) -
()" = (=) + BW . 0
(s = (FR) -
(s)" = (FR) -

and the Sp(4,R) x SO(6) multiplets arising from the action of the S% generators on the
OSp(6]4) supermultiplet may be deduced with the help of (3.6), the decompositions of the
appendix and the usual rules for tensor products of U(2) x U(3) Young tableaux.

Finally, a subtlety that sometimes arises is that the U(3) Young tableaux resulting
from the tensor products may lead to SU(4) Dynkin labels where one of the entries is

,15,



negative, due to the formula d; = f — l; — 5. These representations may either vanish, or
be mapped to representations with positive labels, after reflecting the roots of the SU(4)
group. The action of root reflections is encoded in the corresponding Weyl group, which
for SU(n) groups is Sy, the symmetric group on n elements. In the case of SU(4) we have
S4, which is of order 24 and is generated by three elementary reflections which act on the
Dynkin labels as

o1([d1, da, d3]) = [=dy, dy + da, d3],

Uz([dl,dz,dg]) = [dl—i-dg,—dg,dz—i-dg], (3.7)
with the remaining elements given by various products of these, e.g. o103, 010207, etc.

What is relevant in our case is the so-called “shifted action” of the elements of the Weyl
group, defined as

[di,do,d3])?" = oi([dy + 1,d2 + 1,d3 + 1]) — [1,1,1], (3.8)
yielding

[di,do,d3]”" = [—di —2,d1 +do + 1,d3]
[dl, da, d?,](72 = [dl +do+1,—dy —2,dy +ds + 1] (3.9)
[di,do,d3]”® = [di,dy + d3 + 1, —d3 — 2],

In order to determine whether a negative-labeled representation contributes or not, we
act on them with the “shifted action” (3.9) of all of the elements of the Weyl group. At
most one of the elements, which can be expressed as a product of k£ elementary reflections,
may render all the Dynkin labels positive. If such an element exists then this representation
contributes to the tensor product with the transformed labels and an overall sign (—1)*.

If no Weyl group element can turn all the labels positive then the representation does
not contribute.” One can explicitly check that a representation will vanish if any of the
following conditions on the initial labels holds:

dy = 1, dy = —1, dy = —1,

(3.10)
di +dy=—2, dot+ds=—-2, dy+dp+dy=—3.

We will now illustrate how this procedure works by an explicit calculation of the
character for V2. The supermultiplet LWS is

40y =1 = (152,11()) + (?E’) , (3.11)

"This “filtering” of negative-label representations to vanishing and contributing ones with the combined

action (—1)k[d17d2,d3]oi is what is more generally defined as the alternating Weyl sum, and it plays an
essential part of the Racah-Speiser algorithm for decomposing tensor products into irreducible representa-
tions. See [45] for a general discussion, and the appendix of [46] for the particular application to SU(4).
Here we have to consider this step for di separately as the U(3)-invariant method of tensoring S* with the
LWS does not address it automatically.
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where we have also included the corresponding SU(2) Cartan charge j on top of the U(2)
YT and the corresponding SU(4) multiplet on top of the U(3) YT.® Acting with one odd
raising operator yields

sredo) = (M) + Hm)] e @ 1) + (1,0)

_ (Dlj, 15) + (é 15) + (162,[1&> n (%ﬂé) ' (3.12)

Continuing with a second odd raising operator we find

(81) 2e4)0) = <|:%23 é) + (15% é) + (15% ETH) - DIJE
’ ’ ’ (3.13)
+ (=) + HH + e,

where the three last terms vanish because they all have dy = f —[; — [ = —1. From now
on we will suppress such vanishing representations in all tensor products.

Moving on we find that the Sp(4,R) x SO(6) lowest-weight states arising from the
action of more odd raising operators are

1

(s €410) = (i | + Bﬂ@ </>+<B/HBE>

(st ety = (O[T +<51§21E§>+ SHlEE +< )

(3.14)
0

H) + (885

(5™ etlo) = [HEH

(57 M0y = (F

where in the SU(4) dimensionality we have also included the overall sign (—1)* coming
from the action of the Weyl group elements. In more detail, we have for the particular
negative-labeled U(3) Young tableaux

BE': [dl,dg,dg] = [—2,2,0] = [dl,dg,dg]al = [0,1,0], (—1)k = -1,
H: [dy, do, ds) = [—2,1,2] = [d1,do, d3]" = [0,0,2], (—1)F = -1,

T [di,dayd] = [-2,1,0] = [dy, da, do]” = [0,0,0],  (~1) = 1, (3.15)
HH:': [dl,dg,dg] = [—3,2, 1] = [dl,dg,dg]ol = [1,0, 1], (—1)k = -1,

' ldy, do, d3] = [-3,0,1] = [d1, d2, d3]7% = [0,0,0], (—1)F=1.

8For compactness we indicate just the dimensionality of the representation as a proxy for its Dynkin
labels: 10 = [2,0,0],10 = [0,0,2],15 = [1,0,1],6 = [0,1,0], 1 = [0, 0, 0].
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Now summing all contributions (3.11)—(3.14) we find that the trace (3.4) (still restricted
to the states in V? that do not contain any derivatives P¥) is

Xi= 903/2)((1/2) (X[200] + X[002))
+ (= + 2% = 2%)x(0) + 2°X(1)) X[101]
32 72 5/2 (3.16)
+ (@2 = 2% x12) + 2°X(3/2)) X[010]
+ (= 2*x0) + (@° — #")x) + 2°X(2)) X[o00] »
where , o )
yf.] 1 — y J
X)) = it e (3.17)

l—y
is the character of the SU(2) C Sp(4,R) representation with spin j and Xx(q,g,q,) (4,7, v) is
the character of the SU(4) representation with Dynkin labels [d;, d2, d3]. The latter can be
obtained by a slight modification of the U(4) character [36],
det(em T4

1

Ter @D (3.18)

X(U,T’,U)[dldgdg] =
where ¢ and [ label the rows and columns of a 4 x 4 matrix, the U(4) YT labels n; are
written in terms of the Dynkin labels according to

3
nl:Zdi forl=1,2,3, ng =0 (3.19)
i=l

for SU(4), and the variables ¢; are given by

€=U, €y — s €3 — g s €4 = (3.20)
r

r
u v
so as to count units of the Cartan charges in the Dynkin basis. We notice that some powers
of z in the character (3.16) have negative coefficients as a result of including the Weyl-
transformed negative-label representations in (3.15). As explained in [46] these negative
contributions are necessary to properly account for states which vanish due to equations
of motion or due to conservation equations. A nice feature of including these states in the
counting is that the full character, when states involving the spacetime derivatives P are
included, can be calculated naively with derivatives treated as if they acted freely. Since
the derivatives have A = 1 and belong to the spin j = 1 representation, summing over
the set of states that arise by acting on an initial state with any number of derivatives
introduces a multiplicative factor of 1/((1 — zy)(1 — z)(1 — z/y)) into the character.
Finally then we arrive at the full character for V?,
5 X7
N e (TR 20

with ¥? given in (3.16). In order to obtain the partition functions defined in (3.5) all we

need to do is set w,r,v and y to 1, in which case the SU(2) and SU(4) characters reduce
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1 V? = V(Ql,o)[z,o,o]

—2
V12,1 = V(21,0)[0,0,2] =V

NN

“ V12 = V(21,0)[1,0,1}

A4 V% = V(QI,O)[O,I,O}

k>3

/—/A 2 _ 2
A Ve = Vi sy o

Table 1. The f =2 OSp(6|4) multiplets.

to the dimension formulas of the respective representations,

1
X(l, 1, 1)[d1d2d3} = E(dl + 1)(d2 + 1)(d3 + 1)(d1 +dy+2)(de +ds+2)(dy +da+d3s+3).
(3.22)

3.3 All irreducible multiplets with up to 4 sites

For a fixed value of f there exist only certain states that can be annihilated by all of the
Sap and hence serve as lowest-weight states for irreducible OSp(6]4) representations. In
this section we tabulate all possible representations with f < 4 together with their partition
functions, obtained with the method described in the previous section. We have checked
that all of the partition functions presented here are consistent with the general formulas
presented in [26].

At f = 1 we have only the two fundamental representations of OSp(6|4), called the

‘singletons’, which are conjugate to each other:

V= Visomoo NG
2 vievi= V2 (3.23)
1 1 1 351 _ ’ ’
Ve =Vi =V go0m = Y (1-+Vz)

As is well known, V! includes the scalars of the ABJM theory and their supersymmetric
partners, transforming respectively in the 4 and 4 of SU(4). Note that obviously two
conjugate representations will always have the same multiplicity of states at each energy

level A, and hence will have equal partition functions.

Tables 1 and 2 display the possible multiplets for f = 2 and f = 3 respectively. The
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3 __ )3
1 Vo= V(%,O)[s,o,o]
| V3, = .
1,11 (2,0)[0,0,3]
3 _ 3
4 Vi = V(%,O)[Q,O,l}
\ 3 2 Iy
\ Vl,l =V 2,01,02] — Vi
3 _ 3
v vy = V(%,O)[l,m}
=3
| VSJ - V?g,o)[o,m] =V
k>3
k>3
N —V
k.1 B E=3)(0,0,1] k

Table 2. The f = 3 OSp(6]4) multiplets.

partition functions of these representations are given by

B _ 2x(5—x)
V== e
‘/12:35(15—1-(71\/_—\—/;;—3905)’ (3.24)
V2 :x%% (k—2+6Vz — (k+2)z) k> 2,
and
422 (5 + 3z
Vo= V13,1,1 = —(1(_4\—/5\){5—) )
Vi — V1?:1 _ 4955(9(1+_11\/\/§3+ 4x) 7 (3.25)
VE=V3 = dz2(1+ ﬁ)(j(f \—/_j);r B+kve) > 2.

The analysis for f = 4 is slightly more complicated since here the number of boxes
in the second row of the SYT can be arbitrarily large. The possible representations are
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|
4 _ 4 Y _ v
1 V= V(Q,O)[470,O] g Vl,l,l,l - V(270)[070,4} =V
| . —4
4 Vi = Vflz,o)[:s,o,u é Vi = V(22,0)[170,3] =V
1 —4
44 V; = V(A‘Q,o)[zl,o] | V§,1,1 = V(42,O)[071,2] =V
k>3
k>3 ,—/ﬁ
— | . —4
A V=V oo @Z‘ Vi =V o =V
- = k (%7%)[27070} k1,1 (%773)[07072] k
k>3
\ 4 4 v 4 4
% Via = Vo012002 %Z‘ Via = V(%,%)[Log]
k>3
\ 4 4 v 4 4
%Z Vo1 = Voo G Vi = V(%,%)[a,l,@]
k1>ko
4 4 ... .- 4 4
4 Vi, = Vi2,0)0,2,0 - Vike = V(7k1+§2’2,7k1;k2)[070,0]
ko>3
Table 3. The f =4 OSp(6]4) multiplets.
shown in table 3, while their partition functions are
it T334 35V 4 0 +a2)
1,1,1,1 (1 _ \/5)3 )
VAt 222(35 + 59v/Z + 362 + 9z2 + 22) (3.26)
1 — V1,11 — (1 _ \/5)3 ) .
22(84 + 156\/T + 1112 + 3927 + 922 + 23
Vit =
e (= vy
and
ka1 (14 /2)? 3
1 3
Vi — ' (1+ \/5)3 [15(k — 2) +2(13k + 6)v/z + 2(8k + 1)z + 6k + kz?],
(1—x)
1 3
Vkﬂjg—x%%m(lﬂ —2) + 4(dk — 3)v/7 + (k — 1)(20z + 1527 + 622 + 23)],

kitko—2 (1 4 /z)?
Vi jm (b — by + 1)o7 LEVD)

(= Vap’

(3.27)
where k > 2 and k1 > ko > 3.
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4 Tensor product decompositions

In this section we compute tensor product decompositions for products of up to four copies
of the OSp(6[4) singletons V1!, V' = Vi. Before proceeding let us mention that although
some of the results here are not immediately obvious, the correctness of all of the decom-
positions tabulated here can be verified with certainty using OSp(6[4) characters and the
relation xv,gv, = XV.XV,- We have performed this check using characters constructed
according to the procedure outlined in section 3.2 or equivalently the expressions pre-
sented in [26].

4.1 Digraphs and syllables of the ABJM language

Continuing the linguistic analogy mentioned in the introduction we can think of the irre-
ducible representations arising in the tensor product of two singletons as the ‘digraphs’ (see
also [47]) of the ABJM language, groups of two successive letters whose phonetic value is
a distinct sound, such as aw in saw or qu in question. We have found the consonant-vowel
digraphs of the ABJM language to be

—1 o0 [o.¢]
Vl QY = Z V22m+1 - V(Zl,o)[l,o,l} + Z V(Qn—f—l,n)[O,O,O} ) (4-1)

and we also mention the decomposition of a singleton squared, the consonant-

consonant digraphs:

1 1 _ 2 _ \)2 2 2
Vievt=3 V. =Viopen + Yoot 22 Vi tmshooo (4.2)
n=0

m=0

with V' ® y! simply being given by the conjugate of the latter.

Taking the analogy with linguistics further we can refer to the multiplets appearing
in triple singleton products, on which the Hamiltonian density acts, as syllables, being the
building blocks of words. Of most interest are the consonant-vowel-consonant syllables

given by
VIeV @V = S (m+1) (Vi + Viniad) (4.3)
m=0

3 3 3 3
= V(g,o)[z,o,u + V(%,O)[O,l,l] + Zo(n + 2)(V(n+%,n)[1,o,o} + V(n+2,n+%)[0,0,1})

and we also mention the decomposition of a singleton cubed

Vigviey! = Z (m+1) (ng + VSerB,l)

m=0

3 3
=V opoo T 2VE00n10 (4.4)
3 3
* Z_;) {(n + 3)V(n+2,n+%)[1,070} +(n+ 1)V(n+%,n)[0,0,1} ’

again with the results for V! V! ®Vl and V' ®V1 ®Vl obviously obtained by conjugation.
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4.2 Four-fold tensor products

Although the three-fold tensor product decompositions presented above are sufficient for
analyzing the two-loop Hamiltonian density, physical states of the ABJM spin chain must
have an even number of sites to be gauge invariant so the shortest nontrivial ‘words’ of the
ABJM language have length four.

The study of how these four-letter words arrange themselves into irreducible multiplets
of the theory’s OSp(6]4) therefore deserves inquiry in its own right. This decomposition
is more involved and we proceed by splitting the calculation into three steps. First we
perform the decomposition of only three out of the four sites,

ViV evieV' = VeV o V)V
o . L (15)
(m+1) <V§m+1 RV + V5,0, 0V > ;

m=0

and then we perform the decomposition between the f = 3 irreducible multiplets Vg’ and
Viz,1 with Vl, for which we find

o0 n
3 ol _ 4 4
Vo1 @V = E E Vontom+2,2; T Vontom+1,2j+41 »

m=0 j=0
" [ee] n n—1
3 oY 4 4
Vo, @V = Z Z Vontomy1,2; T Z Vantom2it1 |

m=0 \ j=0 j=0

. 00 . n n+1 (46)

3 v ¥ 4 4
Vonp11®V = Z Vontomi1 + Z Vontomt1,25 + Z Vonyomt2.2j-1 | »

m=0 j=1 j=1

1 4 =

3 ¥l T 4 4
Vo1 @V = Z Vontom + Z(V2n+2m,2j + Vantom+1,2j—1)
m=0 j=1
One can also combine the results for odd and even multiplet indices if desired,
o (5] (53]
3 ol 4 4
Vi@V = Z ka+2m+1,2j + Z Vitom2j+1 | >
m=0 \ j=0 Jj=0
X - (4.7)
L& y (3] [%5]
3 v Y] 4 4
Vi ®V = Z Vonyr Z Vonsk2j + Z Vontkt1,2j-1
m=0 j=1 j=1

Finally we have to extract the overall coefficient of each V,fth appearing in (4.5), which
is facilitated by the fact that the coefficients of all the multiplets appearing in the direct
sums (4.6) are all equal to one. A closer inspection reveals that V§j72p and Vélj_mp_l appear
respectively in

° V§n+1®vlforpgngj—landp—lgngj—l,and
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¢ Vi1 ®V forp—l<n<j—landp—1<n<j-2

It is clear from (4.5) that each f = 4 multiplet in question will receive a contribution
of (n+ 1) to its coefficient for each particular V3, ; ® V' or Vinio1 ® V' in which it is
contained, yielding in total the coefficients

Vi, Vs, Zn—i—l ZiG+1),
j—1
Vijop: Znﬂ + ) (1) =5"+j-p%, (4.8)
n=p n=p—1
Jj—1 Jj—2
Véjfl,prlz Z (n+1)+ Z (n+1) =4 —p*+p.
n=p—1 n=p—1

So putting everything together we find the following decomposition for the four-fold product
of most interest,

VgV eV Z % i +1) <V§j + V;‘j) (4.9)

oo J
Z Z 3G +1) =] Vajop + [ =20 = D] Vij 1951} -

For completeness we also mention the remaining four-fold product decompositions, which

can be calculated in a similar fashion:

— =1 —
VievieveV =Y 5/ +1) (V§j—1 + V§j+1> (4.10)
j=1

0o j
+ {1+ 1) - PQ] V24j+1,2p + (G +1) —plp—1)] Vélj,Qp—1} )
j=1p=1

and

> 1 _
Vievievievi =3 Sj(i+1) <V§j,2+v‘2‘j+2> (4.11)
j=1

oo J
+ Z Z {[iG+1)+1 —PQ}ng,2p+ [j2 —1—-p(p— 1)]V§j71,2p71}'
J=1 p=1

Notice that the very last term of the last relation actually has a vanishing coefficient
for 7 = p = 1, but we have written it like this to coincide with the previous term’s
summation range. All other four-fold products may be obtained from (4.10), (4.11) or (4.12)

by conjugation.
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4.3 Four-letter words of the ABJM language

In the spin chain description of gauge theories only cyclically invariant spin chain states
correspond to gauge-invariant, single-trace operators. For an ABJM spin chain with f = 2L
sites the physical states are those in the +1 eigenspace of the projection operator

_1 2 L— 1 k
P=s0+T+T%+-+T ZT (4.12)

expressed in terms of the translation operator T" which sends site 7 to site 7 + 2,
T|A1B1 Ay --- ApBr) = (—1)dee(AiBr)deg(AeBeALBL)| o) By ... Ap BL A By),  (4.13)

and obviously satisfies 7% = 1.

If we focus on the simplest nontrivial case f = 2L = 4, then P = ( + T') and the
physical subspace simply corresponds to the +1 eigenspace of T', which in turn consists of
states |w) which are symmetric in the permutation of next-to-adjacent sites,

T(‘AlBlAzBQ> + S’AQBQAlBl>) = +1(‘A1B1A2B2> + S‘A2B2A1B1>), (414)

where s = (—1)dee(A1B1)deg(4252) - Hence the set of physical states will be given by the
symmetric square of V! @ Vl, which can further be expressed as

=1 =1 =1 =1
VeV eVieV) =0ie@)+W2ie (), (4.15)

in terms of symmetric and antisymmetric 2-fold tensor products of V and V.
To proceed with the calculation of the symmetric and antisymmetric squares we use

the general character formula (see for example [48])

X (9) = £ 100(0)? £ (6] (116)

As pointed out in [36] this formula still holds for supergroups if we use supercharacters,
defined by including (—1)f inside the trace,

X3 (9) = Trv((=1)"g) . (4.17)

The oscillator construction makes clear a simple relation between ng; and yy for any
V. This hinges on the observations that (—1)" is (perhaps confusingly) just (—1)"2, where
Np is the total boson number operator of (2.4), and that the bosonic and fermionic fields

have A equal to % and 1 respectively. Therefore from (2.6) we see that
(D2 = (=127 2% = (1) (—v2)*? (4.18)
so that
(%) = xR (Ve)*2) = (1) xw((—Va)*2). (4.19)

This relation gives a general prescription for obtaining all supercharacters from the partition
functions that we have already calculated in section 3.3.°

“Note that in (4.19) = denotes whatever is argument of the character that is exponentiated by A. When
for example the argument is 22, we would have to replace & — —z.
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Thus it is straightforward to apply the character formula (4.16) in order to calculate
the symmetric and antisymmetric squares of V!, for which we find

WHi=> vi.. (W= Vi (4.20)
m=0 m=0

with the respective relations for V' obtained from these by conjugation (note that ng = V22j
unless j = 0). Clearly the next step involves decomposing tensor products of the form
Vi ® ng, for which we find

oo o0

Vi ® Vg = Z Z V§j+1,2p+1 )
p=0 j=p
_2 o0 o0
Vi ® Vo, = Z Z V§j+1,2p+1 + ng,zp,
p=0 j=p+m
o0

—2 —4
V3@V, = > (Vi + V),
Jj=l+m

m o0
+ Z Z c(f—l—m—=pVyo+c(i+1—l—m—pVy10,1
p=1 j=l+m—p

(o.0] o
+ Z Z c(j—l—m-— P)(Vémp + Véjfl,prl) )
p=m+1 j=l+p—m
(4.21)
where [ > m > 1 and

1 ifk<0
(k) =14+0(k) = ’ 4.22
(k) (k) {2 e o, (4.22)

and we use O(k) to denote the unit step function.
Combining all of these intermediate steps we deduce that the set of physical states for
the f = 2L = 4 spin chain decomposes into irreducible OSp(6|4) multiplets as follows:

—1 > .. —4 —4 .
V'eV)i = ZJ(J + 1)(1)511]‘ + V4 + ij+2 + Vo) + 12505 — 1) + 1]V2j—3,1
=1

oo J
+ Z Z {2050 +1) = p*] Vijap + Vijroap)

ji=1p=1 (4.23)

+2 [j2 —p(p—1)] (ij71,4p71 + leljfl,zlpf?;)
+ [212 —1—2p(p — 1)] (lelj—QAp—Z + lelj,4p—2)
+[25( +1) +1—2p°] (lelj+1,4p71 + lelj+1,4p+1)} .

5 The OSp(4|2) subsector

In this section we tabulate for completeness various results from the previous two sections
for the case of the OSp(4|2) C OSp(6]4) subgroup. This is of particular interest since the
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two-loop dilatation operator has been constructed explicitly in terms of its action on the
fundamental fields in this subsector of the ABJM theory by Zweibel [22].

The oscillator construction we reviewed in section 2 may be restricted to the OSp(4/2)
subsector simply by restricting the bosonic and fermionic oscillator indices to ¢ = 1 and
= 1,2 respectively, which gives the bosonic subgroup Sp(2,R) x SO(4). The Sp(2,R) ~
SU(2) ~ SO(3) content of a LWS is characterized just by its scaling dimension A =
S(Ng, + f), and the SO(4) ~ SO(3) x SO(3) content is characterized by the Dynkin
labels [p,q] which are simply the Cartan charges of each of the two SO(3)s. In each
Sp(2,R) multiplet there exists now only a single state for each value of A, whereas the
dimensionality of an SO(4) multiplet [p, ¢] is (p+1)(¢+1). Similarly to (3.3), the OSp(4]2)
multiplet with SYT labels (kq,...,k,) will have Cartan labels

A:%(max(kl—Q,O)‘Ff)a

p=f-> min(k;,2), (5.1)

i=1

n
9= 25/@-,1 .
i=1

5.1 Partition functions

The SYT labeling of supermultiplets is convenient here as well, and it turns out that for
each value of f < 3 we get the precisely the same type of multiplets as in the OSp(6|4)
cases considered above. The partition functions for all of the f < 3 multiplets are

V1:V1: 2\/E
1 1_\/5’

3
V2 = 12 23+ V) V3 — 3 _ 222(2+ V)
— V1,1 — 1_\/5 ) — V1,1,1 — 1_\/} ) (5 2)
2 _ T4 +3vVa + o) N 22343V +7) '
1 — 1_\/5 ) 1 — V1,1 — 1_\/5 ’
E 3 k+1 3
pe o 22+ va) R A ) M

1—yz k17 11—z

When we move to f = 4 however, the smaller number of superoscillator components
compared to OSp(6]4) reduces the number of possible supercovariant symmetrizations and
antisymmetrizations, leaving us with only a subset of the types of multiplets which appeared
above. Specifically, only those multiplets whose lowest-weight states have ks < 2 boxes in
the second row of their super-Young tableaux are now allowed. The partition functions of
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these multiplets are

V4 _ V4 _ IEQ(E) + 3\/5)
AEE S R Py
Vi_va = 22(8 + 9v/7 + 37)

- 11—z
4 P29+ 11T + 47)
‘/11: )
; 1_\/—
k+2

vA_yt > (1+va)?

k k,1,1 1_\/— )
- AT (14 E)
kil ™ 11—z
VA _95%(1"‘\/5)3
k2 — 1_\/} )

where k£ > 2. We notice that the last three partition functions are actually proportional to

each other, however the SO(4) content of the corresponding representations is not the same.

5.2 Tensor products

As far as the tensor products are concerned, due to the one-to-one correspondence of
multiplets for f < 3 we find identical results (when the multiplets are expressed in SYT
notation) to those presented in (4.1) through (4.4). For f = 4, the existence of fewer
multiplets simplifies the decompositions slightly to

o
VeV evieV =Y %j(j +1) (Vi + Vo) + (7P 45— 1) Vo + 77V 1
j=1
1 1 1 ol 1 L. 4 4 L. 4 . 4
Vey ey eV = Z 5](] +1) (VQj—l + V2j+1> T30 +2)Vaj 012 +30 + Va1
j=1
0o 1 4
VievieVigV! = Z §j(j +1) (ngd + V2j+2> +J( + 1)V§j,2 +J( + 2)V§j+1,1 .
=1
! (5.4)
It is evident that the OSp(4]|2) four-fold relations above can be obtained from the
respective OSp(6]4) ones (4.10) through (4.12) by restricting the summation on p to p <1
or equivalently to ko < 2, which is reasonable as OSp(4|2) does not contain any representa-
tions with ko > 2. Another way to see it is that if we tried to take the linear combinations
of superoscillators corresponding to an OSp(6]/4) LWS with ko > 2 by using just the subset
of OSp(4]2) oscillators, we would get a vanishing result.
Finally the symmetrized self-conjugate 4-fold product analogous to the OSp(6]4) re-
sult (4.23) is now

(v 0P) = Y1) (151 41) (Vo + Vo)
7=1
+ (2L

—1)1)2]24‘{ JVQJ 1,1
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. 4 54

m"qg

—1) (lelj 2,21 lelj 2)
2](] -1+ 1)V4] 31T 2; V4] 1,15 (5.5)

A,_\

where |m] denotes the integer part of m. Again the OSp(4|2) result (5.5) follows from the
OSp(6]4) one (4.23) by simply restricting to ko < 2.

6 A first peek at the two-loop dilatation operator

Much of this paper has been rather encyclopedic in nature so before concluding we present
here an example of a result which follows relatively easily from information tabulated in
the preceding sections. Specifically, we use the explicit form of the two-loop dilatation
operator [22, 23] to calculate a certain trace (Da(z)) of the Hamiltonian density. This
quantity enters into the formula [47] for the (in this case) two-loop correction to the par-
tition function of planar ABJM theory on S2. It is known [49] that, like planar SYM on
S3 [50, 51], the theory has a Hagedorn temperature T, which is a non-trivial function of
the 't Hooft coupling A, and the two-loop correction to Ty at weak coupling is determined
by (Da(—1/logTy)). See [34, 52-54] for other work on partition functions for M2-brane
theories.

6.1 The trace (Dy(x)) of the Hamiltonian density

The two-loop dilatation operator acting on a spin chain state of length 2L in the ABJM
theory takes the form [22, 23]

2L
Ag =N (Da)iitita (6.1)
i=1
where the Hamiltonian density Dy acts simultaneously on three adjacent sites of the chain
according to

o0
(D2)123 Z h(j
J=0

o0
+ Y (=1 (Sh(ja — 3) +1log2)
J1,J2,J3=0
1/2) 5 1/2

<fp(]1)fp£]2 / )7)%]23) + Pé )7)(]2 / )P§j3)> ’ (6.2)
where h(j) are harmonic numbers and 770%) is the projection operator whose image is
spanned by states with OSp(6]4) spin j (see [22] for details) in the tensor product space of
sites a and b.

The trace we are interested in computing is

(Da(2)) = Tr syt [ Da). (6.3)
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As a consequence of OSp(6[4) symmetry we can make use of the tensor product decompo-
sition (4.4), rewritten slightly here as

_ > V3 for n odd
VgV g V! = L1y (n), Vin)={ " ’ 6.4
nZZOL V) ) Vg,l for n even. (64)
to conclude that Dy can be brought to the block-diagonal form
Dy=> M,®P, (6.5)
n=0

where P, is the projection operator whose image consists of the union of the L"T‘HJ copies
of V(n) appearing in (6.4) and M, is an || x |2 | matrix. This form makes it clear
that the desired trace can be calculated as

(Dy(x)) =Y Te[My,] V(n) (6.6)
n=0

in terms of the characters which may be read off from (3.25)—mnote in particular that
Vin)=V32= V,il for n > 2. From (6.2) we obtain the values

(

(n—2)/2
2 Z h(2j +1), n even,
=0
M =1 T (6.7)
2 h(2j) n odd,
\ J=0

which in turn lead to the result

2
(Ds() = M% Vato+(1-6vT+a)logl—va)].  (68)

6.2 The two-loop hagedorn temperature

At zero 't Hooft coupling and infinite NV the partition function Z of the ABJM theory with
gauge group U(N) x U(N) on an S? of radius 1 can be expressed (see for example [34, 49,
52, 54]) as

log Z(x) = log Tr[xA]‘Aio =— Z log[1 — z(w"™t2z™)?], x=e YT, (6.9)
- =1

where the trace is taken over the full Hilbert space of the ABJM theory, z(z) = % is
the singleton partition function and w = e“™ is a convenient bookkeeping device which is
defined to take the value vw™ = 41 (—1) if m is even (odd). The expression (6.2) is valid

in the low-temperature phase z < zy, where the Hagedorn value zg = 17 — 12v/2 is the
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smaller solution of z(z) = 1.
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The two-loop correction follows from the general analysis of [47] (see also [55, 56] for

other applications) and takes the form!©

1 a o <D2( n+1 n)>z( n+1 n)
——1 T ~ —1 1
29n2 ® e A=0 08 Z " 1 — z(wntlgn)? (6.10)

where ~ denotes that we have omitted some additional terms which are negligibly small as
we approach the pole in the partition function x — xy from below. It follows from (6.10)
that the O()\?) correction 6Ty to the Hagedorn temperature is

6Ty N

Ty E<D2(-’EH)> = 223(vV2 1), (6.11)

using (6.8).
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A Decomposition of OSp(6|4) super-Young tableaux

As we mentioned in section 2.3, the LWS of each OSp(6/4) multiplet belongs to a certain
U(2]3) representation, which can be conveniently labeled by its SYT. In turn, each U(2|3)
representation can be decomposed into a set of U(2) x U(3) representations labeled by their
respective ordinary Young tableaux.

In terms of superoscillators, this decomposition (called branching) simply amounts to
restricting their superindices to taking either only bosonic or fermionic values in all possible
ways with distinct symmetrization and antisymmetrization properties. This way one can
immediately perform the decompositions of the first few cases,

=0O1)+ (1,0,
5: H.1) + @) (151),
A = Dj,l +@,0) + (LE) (A1)

k—1 k—2
— — ——
0,0+ |o---0.H] + ED---D,@

10 If the deconfinement transition of the ABJM theory at small \ is first-order, as for example is the
case [57] for Yang-Mills theory on a small S*, then Z(z) will begin to diverge from Tr[z*] for z slightly
below z, but this does not affect our calculation of the Hagedorn temperature.
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which account for all the possible lowest-weight states which can appear for f = 1 and
f = 2, as one can see in section 3.3. For more complicated cases one needs to use the
general formulas arising from the one-to-one correspondence between the SU(N + M) and
SU(N|M) decompositions to SU(N) x SU(M) x U(1) established in [38], or alternatively
use the set of SYT decomposition rules mentioned in [35].

Here we provide a detailed list of the the additional SYT that appear for f = 3,4
lowest-weight states, together with their U(2) x U(3) decompositions. In particular, for
f =3 we can have in addition to (A.1) the super-Young tableaux

E§:: (D) + @m) + (1,0 ,

F=HEH)+ @ HD u)+um L),
%:le+ +Dj,
-0 @

@ﬁ,l +<m B0 + 580 +( k-lDH) (A2)
%ﬁ%m)azwa( m@
§f3@+Gﬁﬁﬁﬁ+@%ﬁﬁﬂ,

while for f = 4 we can also have
=HE)+EEo+Eo)+ H
= E D+ EHo+ BED TLH) +
o+ B+ () 4

k>4 k k—1

ED
1)
ga@mﬂ+@mﬂ+@wm+( ﬂ)(m

k>4

OH) + (LE) -
<HHH H
)+ (1

+ E_D’H + H:‘_D’H + H]._..D’Dj —{—(/—Djk-ﬁ-l-m,aj)
+§fﬁﬁj+@%ﬁﬁ>+gﬁﬁﬁ+@faﬁ
; 5’%,@3% 2P| ( 53) (ﬁ@)
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and

d=HHY + H:UD () + EHH) + (
+(Enh) 6+ (mf) ) + (B

ot = HP Y+ EHo + o+ D+ EB
+(Bﬂj,m)+<mjjj @JF(HE @ + P+

)
D)) e @0 6D 65,
%;ﬁ:@/ﬁ,l BEDD+BHDD+HDH

k—2 k—1 k—1

k
—— —— ——
+|HH BHI+ | -PH + [ P+ mﬁ

k—1 k—2 k—3 k—2

—— —_—— — —

I H...q@ I H}...D7E 4 B}H“.Dvﬁ I H}...D7Hj
—_—— B 2 2

i H“{j$}j I Effffﬁﬁﬂj n ET"ELEF] i EE}"[LEE
—_— k2 22 k3

+|H HHE+ mﬁﬂ + H'“D,ﬁ + m,@ (A4)

In the last lines of (A.3) and (A.4) it should be understood that a representation should
be omitted from the right-hand side if the number of boxes in the first row is less than the

number in the second. Also, we have omitted the SYT of multiplets which can be obtained
from the ones shown by conjugation, such as and so on.

Finally, it can be shown that U (2|3) representations with k2 = 3+m boxes in the second
row of their SYT have identical decompositions as representations with ko = 3 except
that they have m additional two-box columns in their respective U(2) Young tableaux, or
alternatively in terms of quantum numbers only the scaling dimension changes as A —
A + m. For example, compare the decomposition of % above with

28 - (R + 60 + BE) + (00 + R
+EE - @m ) - @H) + G-

which evidently differs only by the addition of a single two-box column to the U(2) part

of the decomposition. With this rule one can easily obtain the decompositions of the
remaining f =4 SYT with k9 > 3 from the results given in (A.4).
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